Abstract. We show that the set of all stochastic strongly continuous semigroups on Ci such that lim t^o c |||T(i) -Qx, III = 0, where Qx. is one-dimensional projection for some state X*, is norm open and dense. Moreover this set forms a norm dense Gs if a state X» is strictly positive.
Introduction
Markov operators P : L 1 (//) -> (P > 0,P*1 = 1) arise as a generalization of the concept of transition probabilities (or stochastic matrices). Their iterates P n are intensively studied as they describe the evolution of classical (commutative) stochastic dynamical systems. Those systems which have a (unique) stationary density /* G L 1 (fi) and such that they are stable (i.e. after perturbations they return asymptotically to their equilibrium) are called mixing. Using mathematical language mixing simply means limn-Kx, P n (/) = /*, independently of the initial distribution /. The reader is referred to the monograph [8] in this regard. In a quantum mechanics the role of densities play states on a Hilbert space H. A natural model of a quantum system, in this context, is a linear operator P which transforms a state into another state. Again one can ask about stability of such systems.
In [5] it was shown that the set of those noncommutative Markov operators on C\ (the class of trace operators on 7i) such that lim^oo |||P n -Q||| = 0, where Q is one-dimensional projection, is norm open and dense. Moreover if we request that the limit projections must be on strictly positive states then such operators P form a norm dense Gs-This kinds of questions, about geometric properties of sets of operators, are very important from 440 B. Kuna the point of view of the Baire'a category theorem. It is because very often considerations bring answers to existence problems.
In this article we address the same questions about asymptotic behaviour of continuous semigroups (as in the classical case; (see [9] )). However we extend this problem to the non-commutative case. Our study is focused on the norm topology. We often use arguments from [5] .
The paper is organized as follows. In Section 2, we recall basic definitions and facts from the theory of C*-algebra (C(H)). Section 3 is concerned with the properties of the one-parameter continuous Markov semigroups. This properties are very important for proving the main results in Section 4. There we study properties of the Markov semigroups and show that norm mixing is generic.
Basic notions
First let us recall some definitions and basic facts which will be used in the following sections.
By (H, {•, •)) we will denote a separable (infinite dimensional) complex Hilbert space. The Banach algebra of all linear and bounded operators on (H, || • ||) is denoted by C{H). The space C(H), equipped with the operator norm \\X\\ = sup{||Jfy?||;y? € W, |M| = 1}, is C*-algebra. It is because the adjoint operation defines an involution on C{H) and we can show that the property ||X*X|| = ||X|| 2 is satisfied. We say that an operator X 6 C(H) is hermitian (self-adjoint) if X = X* i.e. (X(p,ip) = (<p,Xip) holds for all € H. A hermitian operator X is defined to be positive, denoted by X > 0, if (Xip, <p) > 0 for all <p G H. The concept of positivity allows us to introduce an order relation between various elements of the algebra. We say that X is greater than Y if X -Y is positive. It was shown [see 6] that X*X is positive for any operator X € C(H) so we can define the modulus of X by |X| = *X. Now we can define for any hermitian operator X its positive and negative parts by = and = 2 2 We say that an operator X 6 C(H) is trace-class if for each (see [12] for all details) orthonormal basis e\, e2, • • • € H the series e j) < 00 • The i=i set of all trace-class operators is denoted by C\. If the operator X & C\ and ei, e2, • • • € H is an orthonormal basis, we can define the trace of X by equation
3=1
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Then the functional X -> tr|X| = ||X||i defines a norm in the set of the trace-class operators. It can be proved that (Ci, 11 • | |i) is a separable Banach space. Its dual may be identified with ((C(7i)), || • ||).
The Markov semigroups on C\
In this section we gather those results concerning the Markov semigroups on Ci which will be used in the sequel.
By C([0, oo), C(C\)) we denote the set of all continuous maps F : [0, oo) i -• C(C\), where C{C\) denotes the Banach algebra of all bounded linear operators on C\ and is equipped with a strong operator topology. We will identify such a function F with F = {F(i)} t>0 .
The set C([0, oo), C(Cj)) is equipped with the metric
where the pseudometrics p m are defined as
It is well known (see [13] ) that (C([0, oo), C{C\)),p) is a complete metric space. DEFINITION 1. If T = {T(i)} t>0 satisfies conditions:
(i) T(0) = I (the identity operator), (ii) T(ti +1 2 ) = T(ii) o T(i 2 ) for every t u t 2 > 0, (iii) lim t _ t0 ||T(i)X -T(to)-X"|Ii = 0 for each to > 0 and each X e C u then {T(i)} (>0 is called a (one-parameter) strongly continuous semigroup.
The set of all strongly continuous semigroups on C\ is denoted by EL We note that each right continuous (at 0) one-parameter semigroup {T(i)} f>0 belongs to II. It follows from properties of the semigroup that for each X € C\ and any t > 0 we have Moreover, on the subspace C\ t H of all hermitian trace operators, every Markov operator P is a linear contraction. In fact, sup ||PpO||i= sup
||X+-A-_||i=l = sup (||A: + ||i + ||X_|| 1 ) = l.
||A-+-X_||I=1
In the paper we will use these properties and consider only Markov and strongly continuous one-parameter semigroups. Because a Markov semi-group T is uniquely determined by its restriction to the hermitian part thus studying iterates {T(i)} t>0 we may confine research to T(i)| Cl H = T#(i). Then {T#(i)} i>0 is a contraction semigroup and therefore for each X G C\ t H the sequence ||T n (A")||i is nonincreasing. It is interesting to observe that LEMMA 1. For each r > 0 the pseudometric
is actually a metric on IIm, (T = {T(i)} (>0 ,R = {R(i)} i>0 ). Moreover all p r and p are equivalent once restricted to nmProof. Let T,R e U M -We first show that p r (T,R) = 0 implies that T = R, i.e. T(i) = R(t) for any t > 0. It is true for 0 < t < r. If t > r then we find a natural n such that £ < r. Then T(^) = R(^). It follows from the semigroup properties that
Now let us assume that T n T for some r > 0 (i.e. lim^oo sup te [ 0 r ] 11 |T n (i) -T(i)||| = 0). For any m we have
We estimate 111Sj(i)111 < (7)|||B 0 ||r-J|||B 1 ||K < (7)|||T"(t)-T(f)||p-' ll|Bi||| = |||T(i)||| < 1.
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By a rough estimation
wx-1 , N.
It follows that for each positive r > 0 the metric p r is stronger than p rm , where m arbitrary. Because for all r\ < the metric p T2 is stronger then p Tl we get that metrics p r and p rm are equivalent on IIm-Since for r\ < r2 there exists a natural m such that r2 < mri thus p ri , p r2 and p Tim are equivalent. Finally all p r , where r > 0, are equivalent.
Obviously p is stronger than p r . It remains to show that if lim pmo(Tn,T) = 0, for somemo,then lim p(Tn,T) = 0. n->00 n->00
Suppose that p(Tnj, T) > e for some rij -» 00 and e > 0. It follows that pmj (Tn., T) > | for some rrij < M = 1 -log2e. In particular PAi(Tnj, T) > | for infinitely many j. Since pu and p mo are equivalent, thus lrnij^oo p mo (T nj Hence T 0 (0) = I. Now we verify condition (2). 
X6S
We shall apply the above characterization of convergence in the proof of implication (ii)=»(iii) in Lemma 5. [5] we obtain that |||T(f0) n -Qx, ||| < C\a\ n for all natural n where C\ > 0 and 0 < aj < 1. It follows from Corollary 1 that limt-oo |||T(i) -QxJII = 0. In particular, T(i)X* = X* for all i > 0 (see Lemma 3). Now let us take arbitrary t > 0 and choose k e N U {0} such that t e [ktQ, (k + l)i0). We get It follows from Lemma 5(iv) that T G TIa/,1 and the proof is completed.
Proof. Let t > 0 be arbitrary. Choose k such that kto > t. Then X* = lim T(ni 0 )X = lim T(i)T((n -k)t 0 )T(kt 0 -t)X n-> oo n-> oo = T(t) lim T((n -k)t 0 )Xi = T(t)X*, n->oo where Xi = T(kto ~ t)X. •
LEMMA 4. Let T E IIM-Then the following conditions are equivalent: (i) there exists one-dimensional projection Qx, € M (i.e.Qx.PO = tr(X)X* for some e S) such that lim t^o o |||T(t) -QxJII = 0, (ii) there exists one-dimensional projection
• Finally we are in a position to formulate the main result of the paper. The set all strictly positive states is denoted by S+.
In the next theorem we consider the set n M ,i )+ = {T G U M : 3x"es + lim |||T(t) -Q x .||| = 0}. Jk,x = min{Z : ||7r^(x)|| > 1 -1/k for all x £ lin{ei, e2,... ,efc} with ||x|| = 1}.
We define e k (X) = inf{(Xrc,x) : ||7rJ x (s)|| > 1/2, ||x|| = 1}. X is strictly positive, hence £k(X) > 0 for each k. Consider the set A = |T e n M : Vn3x n eS+ \>n11|T(n) -q Xn \\\ < j.
Note that A forms the operator norm G$ set because it is a countable intersection of p n -open sets {T <E U M : |||T(n) -QxJ|| < £n(^n) }.
We 
